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ABSTRACT
We explore test particle orbits in the orbital plane of eccentric stellar binary systems,
searching for “invariant loops”: closed curves that change shape periodically as a
function of binary orbital phase as the test particles in them move under the stars’
gravity. Stable invariant loops play the same role in this periodically-varying potential
as stable periodic orbits do in stationary potentials; in particular, when dissipation
is weak, gas will most likely follow the non-intersecting loops, while nearby particle
orbits librate around them. We use this method to set bounds on the sizes of disks
around the stars, and on the gap between those and the inner edge of a possible
circumbinary disk. Gas dynamics may impose further restrictions, but our study sets
upper bounds for the size of circumstellar disks, and a lower bound for the inner
radius of a circumbinary disk. We find that circumstellar disks are sharply reduced
as the binary’s eccentricity grows. For the disk around the secondary star, the tidal
(Jacobi) radius calculated for circular orbits at the periastron radius, gives a good
estimate of the maximum size. Disks change in size and shape only marginally with
the binary phase, with no strong preference to increase or decrease at any particular
phase. The circumstellar disks in particular can be quite asymmetric. We compare
our results with other numerical and theoretical results and with observations of the
α Centauri and L1551 systems, finding very good agreement. The calculated changes
in the shapes and crowding of the circumstellar orbits can be used to predict how the
disk luminosity and mass inflow should vary with binary phase.
Key words: circumstellar matter, disks – binary: stars.
1 INTRODUCTION
Most low-mass main–sequence stars are members of binary
or multiple systems (Duquennoy & Mayor 1991, Fischer &
Marcy 1992). The binary frequency of pre-main-sequence
stars is also high, and probably higher than for main-
sequence stars (Mathieu, Walter & Myers 1989; Simon et
al. 1992; Ghez, Neugebauer & Matthews 1993; Leinert 1993;
Reipurth & Zinnecker 1993). In the last decade, interest in
these systems has increased significantly with the discov-
ery that many T-Tauri and other pre-main-sequence binary
stars, possess both circumstellar and circumbinary disks (for
a review see Mathieu 1994). Observations of binary systems
suggest the existence of disk material around one or both
stars, as is inferred from observations of excess radiation at
infrared to millimeter wavelengths, polarization, and both
⋆ E-mail: barbara@pa.uky.edu (BP); sparke@astro.wisc.edu
(LSS); aguilar@astrosen.unam.mx (LAA)
Balmer and forbidden emission lines (Mathieu 2000). Some
extrasolar planets have been found to orbit stars that have
a stellar companion, e.g., 16 Cygni B, τ Bootis, and 55 ρ
Cancri (Butler et al. 1997; Cochran et al. 1997), confirming
that planets can form in binary star systems. Thus the study
of stellar disks in binary systems, as well as the possibility
of stable orbits, is a key element for better understanding
stellar and planetary formation.
It is currently believed that multiple stellar systems re-
sult from fragmentation, which produces mainly eccentric
binaries (Bonnell & Bastien 1992, Bate 1997; Bate & Bon-
nell 1997), in particular wide stellar systems with separa-
tions > 10 AU (Bate, Bonnell & Bromm 2002). Although
main-sequence binary systems typically have eccentric or-
bits (Duquennoy & Mayor 1991), most theoretical studies
have focused on binaries in near-circular orbits. Extensive
and very good theoretical work has been done here (Lubow
& Shu 1975; Paczyn´ski 1977; Rudak & Paczyn´ski 1981; Pa-
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paloizou & Pringle 1977; Bonnell & Bastien 1992, Bate 1997;
Bate & Bonnell 1997).
Only a few observed pre-main sequence binaries have
known orbital elements (Pogodin et al. 2004; Schaefer et al.
2003; Masciadri & Raga 2002) and information on the ac-
companying disks is even rarer (Kastner 2004; Jensen et al.
2004; Nielbock 2003; Liu 2003; Rodriguez et al. 1998, and
references therein). From the observational point of view,
measuring the size of a circumstellar disk is quite difficult,
since these are typically < 100 AU across. Modelers also
have a hard task, since dynamical effects like resonances
can introduce very fine and complicated structure. In cir-
cular binaries, where the gravitational potential is fixed in
a uniformly-rotating frame, and an energy-like integral is
conserved along particle orbits, the position and strength
of resonances can be calculated. In the interesting eccentric
case, we lack a conserved integral, and it is not clear how
to proceed. One of the most important studies to date is by
Artymowicz & Lubow (1994), who compute analytically the
position of orbital resonances (between 1:4 and 1:3) in the
circumstellar disks, and approximate the sizes of disks by
computing the radius where resonant and viscous torques
balance each other. Their results, however, depend strongly
on the badly-constrained viscosity parameter.
The complexity of the problem has prompted some re-
searchers to use direct 3-body simulations to study the pos-
sible existence of stable orbits for planets around eccen-
tric orbits (David et al. 2003 and references therein). This
approach, however, is computationally expensive when ac-
curacy is required. Others have used hydrodynamic sim-
ulations (Foulkes et al. 2004; Guerrero, Garc´ıa-Berro, Is-
ern 2004; Lanzafame 2003 and references therein). Unfortu-
nately these simulations depend sensitively on the unknown
viscosity as well, and are quite expensive computationally.
In this work we have opted for a simpler approach, anal-
ogous to using the structure of periodic orbits in a circular
binary, to predict the gas flow. The path followed by a gas
parcel in a stable disk around a star must not intersect itself,
or the path of a neighboring parcel (in the case of planets,
the paths may cross and we consider this in the application
to a planetary system). Using a test particle method, we
probe the orbital structure of binaries of various eccentric-
ities and mass ratios, and identify families of stable invari-
ant loops. These consist of closed contours in configuration
space, such that as each point initially in them evolves for-
ward in time in the binary potential, the contour changes its
shape but comes back to its original form and position when
the potential has completed a period (Maciejewski & Sparke
1997, 2000). When invariant loops do not cross, they may be
filled with gas; if the gas loses or gains angular momentum
it may drift through a sequence of invariant loops.
Although further restrictions may limit the regions oc-
cupied by gas in an eccentric binary, our study offers a firm
first survey of the regions where gaseous disks and planets
cannot exist around stars in eccentric binary systems.
In Section 2.1 we review the concept of an invariant
loop, and describe our orbit integration method and the
strategy used to find invariant loops. The application to the
circular binary as a test case is presented in Section 3. The
application to the general case of arbitrary orbital eccentric-
ity is shown in Section 4. In Section 6 we apply this study
to observations of L1551 IRS5 and α Centauri. Conclusions
are presented in section 7.
2 THE METHOD
2.1 What is an Invariant Loop?
A time-periodic potential in the (two dimensional) orbital
plane of an eccentric binary, is mathematically equivalent
to a 3-D system with an autonomous Hamiltonian, but with
the addition of time (in our case, the binary phase) and the
Hamiltonian as two extra dimensions in phase space (e.g.
Lichtenberg & Lieberman 1992, Section 1.2). If we restrict
ourselves to orbits that lie within the orbital plane of the
binary, the extended phase space will have 6 dimensions and
regular orbits will lie on a 3-dimensional hypersurface. The
motion of a regular orbit is then multiply periodic (Arnold,
1984) with three frequencies, one of which is the oscillation
frequency of the potential. If we examine the system at fixed
orbital phases, we slice through the extended phase space at
a fixed position on the time axis, and the resulting projection
of a regular orbit will lie on a 2-dimensional hypersurface,
densely filling an area on the orbital plane.
An additional integral of motion would confine an orbit
to lie on a 1-dimensional curve. Every time the system comes
back to the initial orbital phase, the particle that follows this
orbit will land on the same 1-dimensional curve: an invariant
loop. If we were to “paint” in a series of different colors all
particles that initially lie on such a curve, we would see each
follow its own path as the binary stars move around each
other, distorting the initial shape; but as the binary returns
to the initial orbital phase, the painted curve would come
back to the same initial locus, and although each particle
would be at a different point along the curve, the original
order of the colors would be conserved.
Stable invariant loops represent the generalization to
periodically time-varying potentials of the stable closed or-
bits that form the ‘backbone’ of the orbital structure in
time-independent potentials. Particle orbits that start near
a stable invariant loop will remain trapped close to it, ex-
ploring a nearby region in phase space. Gas in a low-viscosity
regime trying to settle down in a quasi-static configuration
will converge on the non-intersecting stable invariant loops.
2.2 Numerical implementation
We write the equations of motion for the binary star system
in term of the eccentric anomaly ψ (e.g. Goldstein 2002,
Section 3.7). We use units where the gravitational constant
G, the binary semi-major axis a, and its total mass m1+m2
are set to unity so that, the binary period is 2pi, and its
frequency ω = 1. The separation of the two stars at time t,
measured from periastron where the azimuthal angle θ = 0,
is given by the radius r,
r = a(1− e cosψ) , (1)
ωt = (ψ − e sinψ) , (2)
cos θ = a(cosψ − e)/r. (3)
The binary eccentricity, defined as e =
√
1− b2/a2
where a, and b are the semimajor and semiminor axes, and
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the mass ratio q = m2/(m1+m2) are the only free parame-
ters. We used an Adams integrator (from the NAG fortran
library) to follow the motion of a test particle moving in the
orbital plane of the two stars. Kepler’s equation (1) is solved
within a tolerance of 10−9. In the circular case, the Jacobi
energy of the test particle (computed as a diagnostic for the
quality of the numerical integration) is conserved within one
part in 109 per binary period.
The equations of motion of the test particle are solved
in an inertial reference frame using Cartesian coordinates,
with their origin at the center of mass of the binary. All
test particle trajectories are launched when the binary is at
periastron, with the two components lying on the x-axis.
We search initially for families of loops that are symmetric
about this line, so we launch test particles at various points
along the x-axis and perpendicular to it. We then store the
particle’s position and velocity every time the stars return
to periastron. The computation is halted if the particle runs
away, moving further than 10 times the semimajor axis (a)
from the center of mass, or if it comes within a distance
of either star that results in a high number of force com-
putations, generally due to close approaches to the stars.
In this manner, we obtain orbits around each star (circum-
stellar), orbits around both stars (circumbinary), runaway
orbits, and orbits that are captured by one of the stars.
2.3 Searching for Invariant Loops in a Binary
System
Among all the possible orbits, we are seeking a very spe-
cial type: the invariant loops, for which the successive
phase-space coordinates of our test particle fall on a one-
dimensional curve. To find them, we examine the iterates
in some two-dimensional subspace, such as the x− y plane.
We plot the positions of the test particle at each complete
binary period, and compute their dispersion along the ra-
dial direction for those that lie within a sector that spans a
small angle (5◦) about the x axis. Repeating the integration
with the same starting x-value, we adjust the launch veloc-
ity vy to minimize this dispersion. In each panel of Figure
1, we show iterates from three particles that orbit around
the primary star, and three around the secondary. As vy is
adjusted, the iterates converge towards the loops in panel d.
Effectively, our method finds only stable loops. Parti-
cles launched near an unstable loop would rapidly diverge
from it, and we would not see the convergence illustrated
in Figure 1. Very near the stars, the stable loops are close
to stable circular orbits in the potential of that star alone.
We exploit this fact to find families of circumstellar loops:
we start by launching a particle close to either star, with a
speed appropriate to the circular orbit. Once we have found
a loop, we move the starting point in small steps away from
the star, and use the loops we have just found to predict the
next starting speed. The process ends when we can find no
more loops with larger starting distances. To map out a fam-
ily of circumbinary loops, we begin at large radii, where the
loops are close to circular orbits about the center of mass;
we continue inwards until no more loops are found.
Figure 1. Searching for invariant circumstellar loops: successive
positions at periastron of particles launched normally from the
x-axis. In panels a) to d), the launch speeds approach those for
stable loops, and the dispersion of the iterates decreases until the
loop is found.
3 TEST: APPLICATION TO THE CIRCULAR
BINARY CASE
In the limit that the binary’s eccentricity goes to zero, the
invariant loops should be exactly the closed circumstellar
and circumbinary orbits (periodic orbits) for the circular
system. We computed several orbits for cases with different
mass ratios, to compare with other theoretical work.
We took arbitrary points of several computed loops as
initial conditions to calculate the orbit in the non-inertial
reference frame, corotating with the line that joins the stars.
The resultant orbits indeed close on themselves, showing
that for the circular binary, invariant loops are none other
than the familiar periodic orbits.
In Figure 2 we show the invariant circumstellar loops
found for a circular binary. The Jacobi constant is con-
served within 10−9. In the top panel are plotted the non-
intersecting circumstellar loops, which could be populated
by gas particles. In the bottom panel of this Figure we show
an example of the intersecting loops that start mostly when
the disks loops approach to the Roche lobe. These kind of
loops, although stable, can not be populated by gas parti-
cles due to the intersection with the inner disk loops which
would induce shocks dissipating first the less attached gas
particles settle down in the intersecting loops. The dotted
circles (aimed with straight arrows) represent a good fit to
the radius of the Roche lobe as calculated by the analytic
approximation by Eggleton (1983). For star i, the Roche
radius Ri is given by
Ri
a
≈
Ri(Egg)
a
=
0.49q
2/3
i
0.6q
2/3
i + ln(1 + q
1/3
i )
, where (4)
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Figure 2. Points on the circumstellar invariant loops for the
circular orbit, for a mass ratio q=0.2. Top panel: loops are plotted
up to the position of the last non-intersecting loop (that defines
the circumstellar gaseous disk). Bottom panel: loops are plotted
starting from the last non-intersecting loop until the last loop
found.
q1 = m1/m2 =
1− q
q
and q2 = m2/m1 =
q
1− q
. (5)
Note that the circumstellar periodic orbits are not cir-
cular, but are elongated perpendicular to the line joining
the stars. Orbits very close to the Roche lobe change their
shape dramatically crossing in some cases this frontier (e.g.
circumprimary disk with q = 0.4) and producing intersec-
tions with the inner orbits. In an eccentric binary, the cir-
cumstellar disks tend to be also elongated in the same sense.
In high eccentricity cases (e > 0.4), disks are nearly circular.
Using our method to search for invariant loops, we have
computed the limiting radii of circumstellar and circumbi-
nary disks for mass ratios q ranging from the Jupiter-Sun
system (q = 0.001) to the equal-mass case q = 0.5. The lim-
iting radii are selected as the loops overlap or when no more
loops are found (the more common case when e > 0). In Fig-
ure 3, we present the disk sizes at periastron as a function
of the mass fraction. For our limiting loops, we measured
the disk extent in both directions along the x-axis joining
the two stars. The nearly-vertical continuous lines marked
at the top with L1, L2, L3 are the Lagrange points. The
circumstellar disks are confined within the Lagrange points,
while the circumbinary disk is approximately centered on
the origin, the mass center of the binary. The filled squares
are the limiting radii found by Rudak & Paczyn´ski (1981),
who approximate the gas streamlines in pressureless accre-
tion disks by non-intersecting simple periodic orbits. They
compute in this way several disk sizes allowed by this po-
tential. The results of our computations for disk sizes in the
circular case are in very good agreement.
-2 -1 0 1 2
0
0.2
0.4
Circumbinary
<-- disk Circumbinarydisk -->
 
Figure 3. Shaded regions show the radii accessible to the cir-
cumstellar and the circumbinary disks as a function of the mass
fraction, q = m2/(m1 +m2). The Lagrange points L1, L2, and
L3 are indicated, and the position of the stars is shown by near-
vertical lines with a star at the top and bottom of each one. The
horizontal lines show the actual mass fractions where the com-
putations were done. With filled squares we mark for comparison
some examples of the calculated radii from Rudak & Paczyn´ski
(1981).
4 THE GENERAL CASE: ECCENTRIC
BINARIES
Unlike the zero eccentricity case, where particles see a sim-
ple time-steady potential, we now have a variation of the po-
tential in time; in this manner particles will see a changing
situation in any rotating reference frame. The phase space
increases its dimensionality including now time as a canon-
ical variable.
In the same manner as for the circular case, we have
constructed figures showing disk sizes for eccentricities up
to e = 0.9, for a given mass ratio q. In Figure 4 we show the
regions accessible to circumstellar or circumbinary disks for
a binary with a fixed mass ratio of q = 0.1 as the eccentricity
grows. L1, L2, and L3 are the Lagrangian points in the peri-
center of the system multiplied by (1−e). The circumstellar
disks become rapidly smaller as the binary grows more ec-
centric, while the circumstellar disk recedes. Additionally, in
Table 1, we present the averaged radii of the circumstellar
disks. In Table 2 we compare the averaged radius of the cir-
cumsecondary and circumprimary disks, respectively, with
the Lagrangian radius computed at the pericenter multiplied
by (1 − e). For all mass ratios and e 6 0.8, the size of the
disk around the secondary star is well predicted as 0.4±0.03
of the Lagrange radius times (1− e).
We have fitted a power law in both e and q to the cal-
culated radii, for eccentricities in the range [0.00, 0.9], and
q in the range [0.01, 0.99], obtaining the following relation
for the size of the circumstellar disks:
c© RAS, MNRAS 000, 1–11
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Figure 4. Similar to figure 3 (disks radii are computed at pe-
riastron) but with orbital eccentricity as ordinate for the case
q=0.1. The position of the stars is shown by near-vertical lines
with a star at the top of each one. The horizontal lines show
the actual eccentricities where the computations were done. The
dashed lines marked as L1, L2, and L3 are the Lagrangian points
for the circular binary, multiplied by (1− e).
Ri ≈ Ri,Egg × 0.733 (1− e)
1.20 q0.07 R2 , (6)
where Ri,Egg is Eggleton’s estimate for the Roche Lobe
average radius (equation 5). In Table 3 we have calculated
the ratio between this quantity and the actual radii of the
circumstellar disks computed; our formula is accurate to
±6.5%.
In Table 4 we show the left and right radii of the cir-
cumbinary disk measured from the center of mass. A change
in the mass fraction leaves the size and shape of the cir-
cumbinary disk almost unaffected. On the other hand, a
slight increase in the eccentricity will result in a noticeable
change as can be appreciated from Figure 4; The circumbi-
nary disk is now off-center with respect to the center of mass;
it almost preserves a constant distance from the closest ap-
proach of either star: see figures 5 and 6.
We have calculated the approximate position of the clos-
est resonances at the edge of the circumstellar and circumbi-
nary disks in all the computed cases presented. For the cir-
cular case, for mass ratios q > 0.01 all disks finish approxi-
mately at their 1:3 resonance. For an extreme mass ratio, as
with the Sun-Jupiter case, the circumbinary and circumpri-
mary disks can extend further, to the 1:2 resonance. As the
eccentricity increases, the disk is truncated at successively
higher order resonances. For e ≈ 0.2 the closest resonances
to the end of the circumstellar disks are 1:5 or 1:6. For a
higher eccentricity (e > 0.6) the closest resonances are of
even higher order (1:8 to 1:20). For the circumbinary disk
at eccentricities, e > 0.1, the closest resonances to the inner
boundary are 1:4 or 1:5.
Figure 5. As Figure 4, but at apastron: boundaries of the cir-
cumstellar disks and the inner edge of the circumbinary disk, for
mass ratio q = 0.1, as a function of eccentricity e. Dashed lines
indicate the inner boundary of the circumbinary disk in Figure 4:
showing that the position of this disk changes little with binary
phase.
Figure 6. Circumbinary disk calculated at the binary pericenter
(a), and at the apocenter (b), for the case q = 0.1, e = 0.4. Dotted
curves in the center show the stars trajectories; and small curves
surrounding the stars (which are pointed by triangles) show the
extent of circumstellar disks.
c© RAS, MNRAS 000, 1–11
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Table 1. Averaged radius of disk around star 2 (secondary for q < 0.5, primary for q > 0.5) in units of the
semimajor axis, a. All radii are measured from the outermost loop at the binary periastron.
m2 / e 0.0 0.2 0.4 0.6 0.8
0.1 0.125 0.100 0.079 0.049 0.019
0.2 0.162 0.130 0.098 0.048 0.029
0.3 0.195 0.165 0.097 0.067 0.028
0.4 0.228 0.195 0.125 0.083 0.033
0.5 0.257 0.213 0.147 0.097 0.037
0.6 0.317 0.228 0.153 0.093 0.047
0.7 0.350 0.225 0.171 0.109 0.037
0.8 0.387 0.260 0.187 0.126 0.049
0.9 0.426 0.297 0.231 0.141 0.064
Table 2. Averaged radius of the disk around star 2 (secondary for q < 0.5, primary for q > 0.5) compared
with Lagrangian radii calculated at the pericenter: 1
2
(L1 − L)(1 − e), where L = L3 for q = [0.1, 0.5], and
L = L2 for q = [0.5, 0.9].
m2 / e 0.0 0.2 0.4 0.6 0.8
0.1 0.38 0.39 0.40 0.38 0.30
0.2 0.39 0.39 0.39 0.29 0.34
0.3 0.40 0.42 0.33 0.34 0.29
0.4 0.42 0.44 0.38 0.38 0.30
0.5 0.43 0.44 0.41 0.40 0.31
0.6 0.49 0.44 0.39 0.36 0.36
0.7 0.50 0.40 0.40 0.39 0.26
0.8 0.51 0.43 0.41 0.41 0.33
0.9 0.52 0.45 0.47 0.43 0.39
Table 3. Same as Table 2 but the disk radius is compared with the radius Ri obtained from equation 6.
m2 / e 0.0 0.2 0.4 0.6 0.8
0.1 0.93 0.98 1.09 1.10 0.98
0.2 0.91 0.95 1.02 0.81 1.12
0.3 0.92 1.01 0.84 0.94 0.91
0.4 0.93 1.04 0.94 1.02 0.93
0.5 0.93 1.00 0.98 1.05 0.92
0.6 1.01 0.95 0.90 0.89 1.04
0.7 0.99 0.83 0.89 0.93 0.72
0.8 0.96 0.84 0.85 0.93 0.83
0.9 0.87 0.80 0.88 0.87 0.91
Table 4. Coordinates where the inner edge of the circumbinary disk crosses the x axis, in units of the
semimajor axis, a
m2 / e 0.0 0.2 0.4 0.6 0.8
0.1 -1.80,1.87 -3.00,2.54 -3.60,2.85 -3.90,2.80 -4.10,2.75
0.2 -2.00,2.04 -3.00,2.56 -3.70,3.05 -3.90,2.86 -4.00,2.84
0.3 -1.90,1.94 -3.20,2.98 -3.60,3.12 -3.80,3.16 -4.00,3.33
0.4 -1.90,1.92 -3.10,2.98 -3.50,3.27 -3.70,3.40 -3.70,3.30
0.5 -2.00,2.00 -2.70,2.70 -2.90,2.90 -3.40,3.40 -3.40,3.40
5 MORPHOLOGY AND TEMPORAL
EVOLUTION
Although the disks were calculated when the stars are at
their pericenter, they can be followed to any other phases of
the binary. In Figure 7, we see that the morphology of the
disks changes slightly for different phases. The maximum
change in radius is generally about 5% of the radius mea-
sured at pericenter, increasing or decreasing with no prefer-
ence for any specific phase.
The loops that form the circumstellar disks are nearly
circular close to the corresponding star, up to about 80%
of the outer radius; there the shape can change abruptly
to become more elliptical. This is more pronounced when
the binary is less eccentric, because the disk then extends
further in radius. The loops are also slightly off-centered.
We can measure this by sampling the distance s of each
circumstellar loop from the star at N points equally spaced
c© RAS, MNRAS 000, 1–11
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Figure 7. The circumsecondary disk at 6 different phases of the
binary, for the case q = 0.4, e = 0.2. Dotted lines show the orbits
of both primary and secondary stars; asterisks show the positions
at corresponding times.
in azimuthal angle φ around it, and computing the Fourier
coefficients
Ak =
1
N
N∑
i=0
s(φ)cos(kφ), (7)
Bk =
1
N
N∑
i=0
s(φ)sin(kφ) . (8)
The lopsidedness of the disks at the binary pericenter
is measured by computing
√
A21 +B
2
1/rperi, (and the ellip-
ticity by
√
A22 +B
2
2/rperi), where rperi is the azimuthally-
averaged radius of the circumstellar loop. We find that the
maximum lopsidedness of the outermost circumstellar loops
at pericenter is 5%. The lopsidedness changes by less than
1% with the binary phase.
For the circumstellar disks we measure the maximum
ellipticity at pericenter by computing ell = 1 − b/a, the
ratio of the major axis, which is always perpendicular to the
line that joins the stars, to the minor axis which lies along
the line joining the stars. The ellipticity of the outermost
circumstellar loop at the pericenter is higher in the binaries
with lower eccentricities (e < 0.4), since these disks extend
much further inward in radius (see Figure 5); it is generally
in the range 0.08 < ell < 0.2. For the circumbinary disks the
maximum ellipticity of the inner edge is generally reached
when the stars are at the apocenter and is ell ≈ 0.05. The
maximum change in the ellipticity for the circumbinary disks
with phase is 5% of the ellipticity at the pericenter.
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Figure 8. Cleaned, natural-weight VLA map of the L1551 IRS5
region at 7-mm. Figure 1 of Rodr´ıguez et al. (1998). The emis-
sion shown in this map is interpreted to arise from two compact
protoplanetary structures forming a gravitationally-bound binary
system.
6 APPLICATION TO OBSERVATIONS
Observational parameters of only a very few binaries with
accretion or proto-planetary disks are known. We have cho-
sen as an application a couple of well-known examples of
these kind of systems for which some important parameters
(like the size of the observed disks or the orbital parameters)
are known; the first is related to accretion (L1551), and the
second to protoplanetary disks (α Centauri).
In this case, for example, if the disks radii and the dis-
tance between the stars are known, we can approach the
orbital parameters and mass ratios. On the other hand, if
the orbital parameters, like eccentricity, and semimajor axis
of the binary orbit are known, the potential sizes of the cir-
cumstellar and circumbinary disks can be readily calculated.
6.1 Circumstellar disks around the L1551 binary
Rodr´ıguez et al. (1998, 2003) report interferometric obser-
vations at 7 mm showing hot dust in the core of the star-
forming region L1551, a molecular cloud in Taurus. In the re-
solved core of L1551 are two distinct disks with a separation
of 45 AU that appear to be circumstellar disks associated
with a binary system (Figure 8). With accretion disk models
they find that best fits to the data are obtained for disks with
semi-major axes of about 10 AU and total masses of approx-
imately 0.05 M⊙, enough to form protoplanetary disks. The
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disks are apparently elongated towards each other. Since the
circumstellar loops tend to be elongated in the perpendic-
ular sense, this suggests that the binary orbit is tilted an
angle of approximately 60◦ to our line of sight, as models
of the system and its jets indicate (Rodriguez et al. 2003;
Osorio et al. 2003). The stars now lie close to the line of
nodes of the orbit so the observed separation is close to the
true separation (Rodr´ıguez et al. 2003). Millimetre-wave ob-
servations suggest the system is embedded in an elongated
structure of dust and gas with scales of 100-400 AU (Lay et
al. 1994; Keene & Mason 1990). This structure may corre-
spond to a circumbinary ring or disk (Looney et al. 1997),
that would probably be providing enough material to fill the
circumstellar disks.
Proper motions do not give clear information about the
orbit, but we can use the disk sizes to set bounds on the
eccentricity and the mass ratio of the system. For any fixed
eccentricity, Table 5 shows that for a mass ratio q = 0.4,
or m1 : m2 = 3 : 2, the circumsecondary disk should be
roughly 60% smaller than the circumprimary disk. Since we
see two nearly equal disks, this implies 0.4 6 q 6 0.5 for
this system. If we assume that is a circular orbit, the cir-
cumstellar disks could both extend to 13.5 AU if the stellar
masses are equal, or 9.5 and 15.3 AU for circumsecondary
and circumprimary disks respectively, if q = 0.4. The cir-
cumbinary disk gap would then end about 90 AU from the
center of mass of the system. The measured disks are only
approximately 10 AU in radius, which might be probably
due simply to the fact that the emission weakens, make it
difficult to detect, however we have also explored the pos-
sibility that the reduced size of the disks is due to the fact
that the binary orbit is slightly eccentric, in this manner we
have constructed a range of possibilities for this system. For
e > 0.2, Table 5 shows that the disks should be truncated
short of their observed extent of 10 AU ; so we conclude that
the eccentricity of the system is in the interval e = [0, 0.2].
The extreme case with q = 0.4, and e = 0.2, would produce
very different disk sizes (rprim/rsec ∼ 1/2), so we discard
this possibility also. Thus the system parameters are con-
strained approximately by (0.5− q) + 0.5e 6 0.1.
6.2 Zones for Planets around Alpha Centauri
As one of the alternatives to form planets in accretion disks
arised the “planetesimal theory”: planets are formed in cir-
cumstellar dust disks, where colliding dust grains accrete
into planetesimals approximately of 1-10 km of diameter
(Safronov 1969; Lissauer 1993). As the sizes of particles in-
crease and gravitational attraction becomes more important,
the cross-section for accretion also increases, as more and
more particles collide. This effect, combined with dynami-
cal friction, leads to “runaway growth”: large bodies accrete
more efficiently than small bodies, becoming planetary em-
bryos that increase their masses through collisions until most
of the material is accreted or dispersed by these new proto-
planets (Greenberg et al. 1978; Wetherhill & Stuart 1989).
Assuming that planets are initally formed in accretion disks,
invariant loops can give us also a good idea of what possibil-
ities a binary system has to harbor stable planets, and the
maximum radius of a protoplanetary disk that can give rise
to them.
α Centauri is composed of a binary star consisting on
Figure 9. Circumbinary disk constructed with invariant loops
applied to the case of α Centauri. Ellipses at the center mark the
stellar trajectories. Smaller curves around the two three-pointed
stars mark the limit of the circumstellar disks.
a G2 star with 1.1 M⊙ (α Centauri A) and a K1 star with
0.91 M⊙ (α Centauri B) and a third component (α Centauri
C or Proxima Centauri), which is thought to orbit this pair
but at a very large distance (12,000 AU). The binary system
has an eccentricity of 0.52 and a semimajor axis of 23.4 AU
(See 1893, Heintz 1982).
This system and the stability of planets around them
has been extensively studied. Wiegert & Holman (1997) used
direct numerical integration to find that planets orbiting
prograde in the plane of α Centauri A and B within 3 AU
of either star can be stable for several million years, as can
planets in circumbinary orbit more than 70 AU from the
center of mass of the system. Marziari & Scholl (2000) stud-
ied the evolution of planetesimals perturbed by gas drag in
a disk in the plane of the binary system, finding that plan-
etesimals are able to accrete one another within 2 AU of α
Cen A. Quintana et al. (2002) follow the growth of planetary
embryos under the gravitational forces of the binary system
using a symplectic N-body accretion algorithm, finding sta-
ble planets in prograde orbits up to 2.5 AU from either star,
and showing how for high inclinations of the orbits, with
respect to the plane of the binary, they become unstable.
Circumbinary and circumstellar disks constructed with
invariant loops applied to the case of α Centauri are pre-
sented in Figures 9 and 10. We calculated a size of 3 AU
for the circumstellar disk (or potential protoplanetary disk)
around α Centauri A, and 2.3 AU for α Centauri B. The cir-
cumbinary gap, measured from the center of mass, should
extend to 80 AU .
In Figure 11 we show the evolution of the circumpri-
mary disk (α Centauri A) with the phase. The disk changes
its shape and slightly its size as it evolves in time. While
it is unlikely that such small changes in shape could be ob-
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Table 5. Binary parameters for possible L1551 IRS5 models, and the implied sizes of the circumstellar disks
present
q, e phase a (AU) rsec rprim rCB
q = 0.5, e = 0.0 45 13.5 13.5 88
q = 0.4, e = 0.0 45 9.5 15.3 86
q = 0.5, e = 0.2 peri 56 11.2 11.2 152
q = 0.5, e = 0.2 apo 37.5 7.5 7.5 101
q = 0.4, e = 0.2 peri 56 14.6 7.3 157
q = 0.4, e = 0.2 apo 37.5 9.75 4.9 105
Figure 10. A zoom of the circumstellar disks shown in Figure 9.
served directly, the crowding of orbits at phases 1, 2, and 5
are likely to lead to increased heating and inflow when the
disk contains gas.
7 CONCLUSIONS
With the concept of invariant loop, we have extended the
possibilities for orbital studies in accretion or protoplane-
tary disks of binary stellar systems, with no restriction on
the mass ratio (q) or eccentricity (e) of the binary. In this
manner the method represents an extension to the periodic-
orbit analysis in the well-known circular case. Sweeping the
parameter space, we are able to address the limits and possi-
bilities for gaseous circumstellar and circumbinry disks from
the point of view of the “pure” potential exerted by the
binary. In the case of accretion disks, this approximation
would closely represent the low viscosity regime of the gas.
Although the studies presented in this work were restricted
to the plane of the disks, this technique can also be applied
to orbits out of the plane of the binary orbit. Compared
with high-resolution hydrodynamic simulations the method
is computationally cheap and fast.
Figure 11. Six phases of the α Centauri circumprimary disk
constructed with invariant loops. Dotted curves show stellar tra-
jectories. Numbers show the ordered phases, as in Figure 7.
We find that the size of the circumstellar and circumbi-
nary disks depends strongly on the eccentricity. The average
radius of the circumstellar disks is approximately 40% of the
Lagrangian radius calculated at the pericenter of the binary
orbit. Equation 6 provides a more accurate analytic approx-
imation to the disk size.
The inner radius of the circumbinary disks (the gap ra-
dius) is practically independent of the mass ratio. For the
circular binary, the circumbinary disk ends close to the 1:3
resonance for non-extreme mass ratios (q > 0.01). For higher
eccentricities, the inner edges of the circumbinary disks ap-
pear to be truncated close to higher order resonances (1:4, to
1:6). Even a slight increase in eccentricity for a given mass
ratio will cause the gap to grow to much larger radii. The
inner edge of a circumbinary disk is not centered at the cen-
ter of mass; instead particles in the disks appear to pass at
near-equal distances from the apocenter positions of the two
stars.
In the temporal evolution, the circumbinary disks show
almost no change with binary phase, while the circumstellar
disks change their shape and size only slightly. The average
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radius changes by only 5% at different phases of the binary.
The largest or smallest radius can be reached at any phase,
i.e., there is no preference for larger radii at any specific
phase.
Near the outer edge, the shape of the disks become less
circular in general and slightly off-centered, by up to 5% The
change of lopsidedness with the phase is less than 1% of the
lopsidedness measured at the pericenter of the binary.
For the circumstellar disks the maximum ellipticity is in
most cases reached at pericenter, where the semimajor axes
of the circumstellar disks are perpendicular to the line that
joins the stars. The ellipticity at the pericenter is higher in
the cases with lower eccentricities (e < 0.4)and it is generally
below ell ≈ 0.2. For larger eccentricities the ellipticity of the
circumstellar disks is ell < 0.08. The maximum change of
ellipticity with time is 7% of the ellipticity measured at the
pericenter of the binaries.
For the circumbinary disks the maximum ellipticity is
generally reached when the stars are at the apocenter and
is ell ≈ 0.05. The maximum change in the ellipticity for the
circumbinary disks with phase is 5% of the ellipticity at the
pericenter.
As an application to observations we selected two spe-
cific objects: L1551-IR5 and α Centauri. Assuming that the
line that joins the stars rests approximately in the plane
of the sky, the eccentricity of the system in L1551-IR5 is
e 6 0.2 and the mass ratio is q ≈ 0.5. The circumbinary
inner edge disk should lie approximately at 90 AU if e = 0,
and in the interval 100-150 AU for the extreme case e = 0.2.
In the case of α Centauri, we calculated the zones for planets
around each star and around the binary. We find that for α
Cen A, the last stable loop reaches 3 AU , while for α Cen
B it is at 2.3 AU . Beyond the gap, the innermost invariant
loops start at a distance of 80 AU from the center of mass.
Every day, disks are being discovered in more binary
(and multiple) stellar systems. Theoretical studies of these
systems can help to restrict their geometrical characteristics,
and may also help to constrain some other unknown physical
characteristics like viscosity.
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